Abstract. The specialized Vámos polynomial is a hyperbolic polynomial of degree four in four variables with the property that none of its powers admits a definite determinantal representation. We will use a heuristical method to prove that its hyperbolicity cone is a spectrahedron.
Introduction
A homogeneous polynomial h ∈ R[x] = R[x 1 , . . . , x n ] is said to be hyperbolic with respect to e ∈ R n , if h does not vanish in e and if for every v ∈ R n , the univariate polynomial h(te + v) ∈ R[t] has only real roots. The hyperbolicity cone C h (e) of h at e is the set of all v ∈ R n such that no zero of h(te + v) is strictly positive. Hyperbolicity cones are semialgebraic convex cones, as shown for example in [2] . On the other hand, a spectrahedral cone is a set defined by some homogeneous linear matrix inequalities, i.e. sets of the form {v ∈ R n : A(v) = v 1 A 1 + . . . + v n A n 0}, where A 1 , . . . , A n are symmetric matrices with real entries. It is not hard to check that every spectrahedral cone is the hyperbolicity cone of an appropriate hyperbolic polynomial. There has been recent interest, if the converse is also true:
Conjecture. Every hyperbolicity cone is a spectrahedral cone.
This conjecture is commonly referred to as the Generalized Lax Conjecture. An equivalent formulation would be:
Conjecture. Let h ∈ R[x] be hyperbolic with respect to e ∈ R n . Then there is a hyperbolic polynomial q ∈ R[x], such that C h (e) ⊆ C q (e) and such that q · h has a definite determinantal representation, i.e.
where A 1 , . . . , A n are symmetric matrices with real entries and A(e) 0.
We will explain a heuristical method to find a representation of a given hyperbolicity cone as a spectrahedral cone in Section 2. In Section 3, we will apply this method to the specialized Vámos polynomial h 4 , which is a hyperbolic polynomial of degree four in four variables, with the property that no power h N 4 has a definite determinantal representation. Note that there is only one other example of a polynomial with this property known, which is closely related to h 4 , c.f. Remark 3.1.
The construction method
We denote by
Further, we want f to have at least one entry that is not divisible by h. Let A 1 , . . . , A n be symmetric matrices with real entries of size m and let
If h and f are fixed, this corresponds to a semidefinite program in the entries of the A i and the coefficients of the entries of g. If (2.1) has a solution, then there is a hyperbolic polynomial q ∈ R[x] m−d such that q · h has a definite determinantal representation, namely det A(x) = q · h. If we are lucky, then there is a solution such that even C h (e) ⊆ C q (e) holds.
Note that, conversely, if there is a hyperbolic polynomial q ∈ R[x] such that q · h has a definite determinantal representation q · h = det A(x) with symmetric matrices A i of size m, then there is a f ∈ R[x] m d for some d ≥ d − 1 such that every entry of A(x)f is divisible by h, but not every entry of f . Take, for example, some row of the matrix adj(A(x)) as f .
Again, let h ∈ R[x] d be irreducible and hyperbolic with respect to e ∈ R n . For a moment, we consider the case
The polynomial p is homogeneous of degree d − 1 and by applying simple differentiation rules, we see that
for all i = 1, . . . , n. In particular, the polynomial
is a sum of squares, since A(e) 0. By results from [3] , it follows that the polynomial f T · A(a) · f is non-negative on R n if and only if a ∈ C h (e). This is why we can hope that a solution to (2.1) could actually yield a representation of C h (e) as a spectrahedron. It has also been shown in [3] that p is hyperbolic with respect to e too and its hyperbolicity cone contains the hyperbolicity cone of h.
The Vámos polynomial
Consider the specialized Vámos polynomial:
Wagner and Wei [4] have shown that h 4 is hyperbolic with respect to e = (1, 1, 0, 0) T and Brändén [1] has proved that no power of h 4 admits a definite determinantal representation.
Remark 3.1. Note that in fact the authors of [1] and [4] considered the polynomial h V 8 , which is the bases generating polynomial of the Vámos matroid V 8 . This is a multiaffine polynomial in eight variables of degree four and one can obtain h 4 by restricting h V 8 to a linear subspace. Wagner and Wei [4] proved that h V 8 is hyperbolic and Brändén proved that no power of h V 8 admits a definite determinantal representation. It is easy to see, that both properties spread to h 4 . These two are the only known examples of this type.
We will show that the hyperbolicity cone of h 4 is nevertheless a spectrahedral cone. In order to apply the construction of the previous section, we choose d = 3, m = 9 and
Solving the semidefinite program (2.1) yields the following symmetric 9 × 9 matrices: 
